We consider the effect of an array of plates or beams over a semi-infinite elastic ground on the propagation of elastic waves hitting the interface. The plates/beams are slender bodies with flexural resonances at low frequencies able to perturb significantly the propagation of waves in the ground. An effective model is obtained using asymptotic analysis and homogenization techniques, which can be expressed in terms of the ground alone with effective dynamic (frequencydependent) boundary conditions of the Robin's type. For an incident plane wave at oblique incidence, the displacement fields and the reflection coefficients are obtained in closed forms and their validity is inspected by comparison with direct numerics in a two-dimensional setting.
Introduction
We are interested in wave propagation in a semi-infinite elastic substrate supporting a periodic and dense array of thin or slender bodies. This is the canonic idealized configuration used to illustrate the problem of "site-city interaction". Such a problem, recent on the seismology history scale, aims to account for the urban environment as a factor modifying the seismic ground motion. Starting in the 19 th century, the interest was primarily focused on the motion of the soil elicited by static or dynamic sources being concentrated or distributed on the free surface in the absence of buildings. These studies have led to important results as the Lamb's problem [1, 2] . Then, more realistic configurations have been considered using approximate models to predict the effect of complex soils, including the presence of buried foundations, on the displacements in structures on the ground, see e.g. [3, 4, 5] and [6] for a review. In the classical two-step model, the displacements in the soil without structures above, so-called free fields, were firstly calculated and they were subsequently used as input data to determine the motion within the structure [4, 6] . This means that the interaction, refereed to as the soil-structure interaction, was restricted to the effect of the soil on the structure. In the mid-1970s, Luco and Contesse [7] and Wong and Trifunac [8] studied the interaction between nearby buildings and they evidenced the resulting modification on the ground motion. They termed this mutual interaction the structuresoil-structure interaction, which has been later renamed soil-structure-soil interaction. On the basis of these pioneering works the idea took root that several structures may interact with each other and modify the ground motion, supplied by numerical simulations and direct observations during earthquakes [9, 10, 11, 12, 13, 14, 15, 16] . At the scale of a city with the specificity of the presence of a sedimentary basin, the soil-structure-soil interaction has been called site-city interaction, a term firstly coined bu Guéguen [10] . From a theoretical point of view, most of the models encapsulate the response of a building with a single or multi-degree of freedom system [17, 10, 18, 19, 20, 16] . On the basis of this model, Boutin, Roussillon and co-workers have developed homogenized models where the multiple interactions between periodically located oscillators are accounted for from a macroscopic city-scale point of view [19, 21, 22, 23, 24 ]. In the low frequency limit, that is when the incident wavelength is large compared to the resonator spacing, the effect of the resonators can be encapsulated in effective boundary conditions of the Robin type for the soil, a result that we shall recovered in the present study. Such a massspring model has been used in physics for randomly distributed oscillators [25] and periodically distributed oscillators [26, 27, 28] for their influence on surface Love and Rayleigh waves. The ability of arrays of resonators to block Love and Rayleigh waves has been exploited to envision new devices of seismic metasurfaces [29, 30, 31, 32, 33, 34, 35, 36, 37, 38] in analogy with metasurfaces in acoustics [39, 40] and in electromagnetism [41, 42] .
In this study, we use asymptotic analysis and homogenization techniques to revisit the problem of the interaction of a periodic array of plates or beams on the propagation of seismic waves in three dimensions. We consider slender bodies in the low frequency limit which means two things. Firstly, the typical wavelength 1/k is much larger than the array spacing , which is a classical hypothesis. Secondly, we focus on the lowest resonances of the bodies being flexural resonances. The first flexural resonances correspond to kh ∼ p /h, with p the body thickness, h the body height and p /h the slenderness (in comparison the first longitudinal resonance appears at kh ∼ 1). Now, we consider dense arrays, which means that p ∼ , and ϕ = p / ∈ (0, 1) ( Figure 1 ). Hence the asymptotic analysis is conducted considering that the wavelength 1/k is large compared to h which is itself large compared to p ∼ .
It is worth noting that assuming ϕ = O(η n ) with n ≥ 1 would allow a reduction of model in a first step, resulting in concentrated force problems, as implicitly considered in [19, 21, 35] . Here on the contrary, the implementation of the asymptotic method will require that we reconstruct the asymptotic theory of plates and beams in a low frequency regime, as previously done for a single body in solid mechanics, see e.g. [43, 44] for plates and [45, 46, 47, 48] for beams. However, this classical theory has to be complemented with matched asymptotic expansions to link the behavior in the periodic set of bodies with that in the substrate. This "soil-structure" coupling requires a specific treatment as used in interface homogenization [49, 50, 51, 52] , see also [53] for a resonant case. In the present case, we shall derive effective boundary and transmission conditions applying in a homogenized region which replaces the actual array; and in this effective region the wave equation for flexural waves applies. This problem can be further simplified in effective boundary conditions of the Robin type applying on the surface of the soil, namely
where the frequency-dependent rigidity matrix K depends explicitly on the flexural frequencies of the plates/beams. The rigidity matrix is diagonal as soon as the bodies have sufficient symmetry, resulting in effective impedance conditions which ressemble those obtained in [22] in the same settings.
The paper is organized as follows. In §2, we summarize the result of the asymptotic analysis in the case of an array of plates, whose detailed derivation is given in the §3. The resulting "complete" formulation (3)-(5) is equivalent to that in (6)- (7) thanks to a partial resolution of the problem. In §4, the accuracy of the effective model is inspected by comparison with direct numerics based on multimodal method [54] for an in-plane incident wave. The strong coupling of the array with the ground at the flexural resonances are exemplified and the agreement between the actual and effective problems is discussed. We finish the study in §5 with concluding remarks and perspectives. We provide in the appendix Appendix B the effective problem for the an array of beams which is merely identical to the case of the plates with some specificities which are addressed.
The actual problem and the effective problem
We consider in this section the asymptotic analysis of an array of parallel plates atop an isotropic elastic substrate. We note that the problem splits in the in-plane and out-of-plane polarizations. The latter case has been already addressed in [36] . We focus in this section on the former, in-plane, case. We further note that the asymptotic analysis of a doubly periodic array of cylinders atop an isotropic substrate is a fully coupled elastodynamic wave problem, which is thus slightly more involved and addressed in the Appendix. 3
The physical problem
We consider the equation of elastodynamics for the displacement vector u the stress tensor σ and the strain tensor ε          in the substrate, x 1 ∈ (−∞, 0) : divσ + ρ s ω 2 u = 0, σ = 2µ s ε + λ s tr(ε)I, ε = 1 2 (∇u + t ∇u), in the plates, x 1 ∈ (0, ) : divσ + ρ p ω 2 u = 0, σ = 2µ p ε + λ p tr(ε)I, ( 2) with the Lamé coefficients (λ p , µ p ) of the plates and (λ s , µ s ) of the substrate, ω the angular frequency and I stands for the identity matrix. In three dimensions with x = (x 1 , x 2 , x 3 ), stress free conditions σ · n = 0 apply at each boundary between an elastic medium (the plates or the substrate) and air, with n the normal to the interface. Eventually, the continuity of the displacement and the normal stress apply at each boundary between the parallel plates and the substrate. This problem can be solved once the source u inc has been defined and accounting for the radiation condition for x 1 → −∞ which applies to the scattered field (u − u inc ).
The effective problem
Below we summarize the main results of the analysis developed in the §3 and which provides the so-called "complete formulation" where the array of parallel plates is replaced by an equivalent layer associated to effective boundary and transmission conditions (Figure 2(a) ). Owing to a partial resolution, this formulation can be simplified to an equivalent "impedance formulation" set on the substrate only (Figure 2(b) ). We note that all three components of the displacement field appear in this section, and the reader should be aware that we make use of variables x = (x 1 , x 2 , x 3 ) and x = (x 2 , x 3 ).
Complete formulation
The effective problem reads as follow
In the substrate, 
with x = (x 2 , x 3 ),
the flexural rigidity of the plates (ρ p the mass density, E p the Young's modulus and ν p the Poisson's ratio), complemented with boundary conditions at x 1 = 0 and x 1 = h of the form
These effective conditions express (i) at x 1 = 0 a balance of the stress, prescribed displacements and vanishing rotation and (ii) at x 1 = h, free end conditions with vanishing bending moment and shearing force. One notes that all three components of the displacement field u appear in (5) which involves partial derivatives on x 1 and x 3 only. x 1 
Impedance formulation
From (3), the problem in x 1 ∈ (0, h) can be solved owing to the linearity of the problem with respect to u 2 (0 − , x 2 ), see Appendix A. Doing so, the problem can be thought in the substrate only along with the boundary conditions of the Robin's type, namely
with the following impedance parameters
(we have used that D p κ 4 = ρ p ω 2 p ). The conditions on (σ 11 , σ 12 ) encapsulate the effects of the in-plane bending of the plates while the condition on σ 13 can be understood as the equilibrium of an axially loaded bar (in the absence of substrate, we recover the wave equation for quasilongitudinal waves). It is worth noting that for out-of-plane displacements, u 3 (x 1 , x 2 ) and u 1 = u 2 = 0, the boundary conditions simplify to σ 13 (0, x 2 ) = ρ p ϕhω 2 u 3 (0, x 2 ). This corresponds to the impedance condition which can be deduced from the analysis conducted in [36] and resulting in σ 13 (0, x 2 ) = µ p ϕk T tan(k T h)u 3 (0, x 2 ) and obtained here in the limit k T h 1.
Derivation of the effective problem
As previously said, the asymptotic analysis is conducted considering that the typical wavelength 1/k is large compared to the plate height h which is itself large compared to the array spacing ∼ p . Hence, with k T = ω ρ s /µ s and k L = ω ρ s /(λ s + 2µ s ) of the same order of magnitude, we define the small non-dimensional parameter η as
(note that to excite both the bending and the longitudinal modes another scaling is required with kh = O(1), and this is a higher frequency regime studied in [35] ). Accordingly, the asymptotic analysis is conducted using the rescaled heightĥ of the plates and array's spacingˆ defined by
which models an array of densely packed thin plates. We also define the associated rescaled spatial coordinates
3.1. Effective wave equation in the region of the plates 3.1.1. Notations In the region of the array of parallel plates, the displacements and the stresses vary in the horizontal direction over small distances dictated by , and over large distances dictated by the incoming waves; these two scales are accounted for by the two-scale coordinates (x , z 2 ), with x = (x 2 , x 3 ). In the vertical direction, the variations are dictated by h only and this is accounted for by the rescaled coordinate y 1 . It follows that the fields (u, σ) are written of the form
with the three-scale differential operator reading
where e 1 = (1, 0, 0) and e 2 = (0, 1, 0). Now, we introduce the strain tensor with respect to x
and the strain tensors with respect to the rescaled coordinates y 1 and z 2 ,
6
The system in the region of the plates reads, from (2),
with the convention on the Greek letters α = 2, 3, the same for β, and where ε stands for ε(u).
We shall use the stress-strain relation written in the form
Eventually, the boundary conditions read
and are complemented by boundary conditions at y 1 = 0,ĥ assumed to be known (they will be justified later). We seek to establish the effective behaviour in the region of the array in terms of macroscopic averaged fields which do not depend anymore on the rapid coordinate z 2 associated with the small scaleˆ as the following averages taken along rescaled variable z 2 . These fields are defined at any order n as
with Y = {z 2 ∈ (−ϕˆ /2, ϕˆ /2)} the segment shown in figure 3. 
Sequence of resolution and main results of the analysis
We shall derive the equation satisfied in the region of the array, and additional results on the stresses (π 0 1i , π 1 1i ), i = 1, 2, 3, required to establish the effective boundary conditions at y 1 = 0,ĥ. The main results will be obtained following the procedure :
1. We establish the following properties on π 0 π 0 11 = 0, π 0 2i = 0, i = 1, 2, 3, π 0 13 = 0.
2. Then we derive the dependence of (w 0 , w 1 ) on z 2 which have the form
and
3. Eventually, we identify the form of π 1 1i , i = 1, 2, 3, and the Euler -Bernoulli equation governing the bending W 0 2 . Specifically
In the remainder of this section, we shall establish the above results. We shall denote (E 1 ) n , (E α ) n and (C) n the equations which correspond to terms in (13) factor of η n .
First step:
properties of π 0 in (16) From (E) −2 in (13), we have that ∂ z 2 π 0 2i = 0, which along with the boundary conditions at z 2 = ±ϕĥ/2 leave us with π 0 2i = 0. Next from (E 1 ) −1 and (E 3 ) −1 , we also have that ∂ y 1 π 0 11 + ∂ z 2 π 1 12 = 0 and ∂ y 1 π 0 13 + ∂ z 2 π 1 23 = 0; by averaging these relations over Y and accounting for π 1 2i| ∂Y = 0, we get that π 0 11 and π 0 13 do not depend on y 1 . We now anticipate the boundary condition π 0 11 (ĥ, x ) = π 0 13 (ĥ, x ) = 0 that we shall prove later on (see forthcoming (35) ), we get π 0 11 = π 0 13 = 0 in Y. We have the properties announced in (16).
3.1.4. Second step: (w 0 , w 1 ) in (17) and (π 0 11 , π 0 33 ) in (18) Some of the announced results are trivially obtained. From (C ) −2 in (14), we get that ∂ z 2 w 0 i = 0, and from (C 11 ) −1 and (C 13 ) −1 that ∂ y 1 w 0 1 = ∂ y 1 w 0 3 = 0, which leaves us with the form of w 0 in (17) . Next (C αα ) −1 tells us that ∂ z 2 w 1 α = 0, in agreement with the form of w 1 α in (17) . We have yet to derive the form of w 1 1 , which is more demanding. From (C 12 ) −1 , ∂ z 2 w 1 1 = −∂ y 1 w 0 2 and thus
but we can say more on W 1 . Let us consider the system provided by (C 11 ) 0 and (C 22 ) 0 , specifically
where we have used that π 0 22 = 0. After elimination of ∂ z 2 w 2 2 and owing to the form of w 0 α in (16) and w 1 1 in (21) (at this stage), we get π 0 11 = a(y 1 ,
(we have used that E p /(1 − ν 2 p ) = 4µ p (µ p + λ p )/(λ p + 2µ p )). It is now sufficient to remark that π 0 11 = 0 imposes b = 0. This immediately provides the form of π 0 11 in (18) and
which along with (21) leaves us with the form of w 1 1 in (17) . The same procedure is used to get π 0 33 , which from (C 33 ) 0 , reads
Using that π 0 22 = 0 to eliminate ∂ z 2 w 2 2 , we get
which after integration over Y leaves us with π 0 33 in (18). Incidentally, w 2 2 can be determined from (22) and we find
3.1.5. Third step: the π 1 1i in (19) and the Euler-Bernoulli equation in (20) . We start with (E) 0 in (13) integrated over Y, specifically,
where we have used (16) and π 2 · n | ∂Y = 0. Since W 0 1 and W 0 3 depend on x only, and accounting for π 0 33 (x ) in (18) , we get by integration the forms of π 1 11 and of π 1 13 announced in (19) . Note that we have anticipated the boundary conditions π 1 1i = 0 at y 1 =ĥ, see forthcoming (35) .
The equation on π 1 12 in (28) will provide the Euler-Bernoulli equation once π 1 12 has been determined (the integration is not possible since W 0 2 depends on y 1 ). To do so, we use, that ∂ y 1 π 0 11 + ∂ z 2 π 1 12 = 0, from (E 1 ) −1 , along with π 0 11 in (18) . After integration and using the boundary condition of vanishing π 1 12 at z 2 = ±ϕˆ /2, we get that
hence the form of π 1 12 in (19) . It is now sufficient to use π 1 12 in (28) to get the Euler-Bernoulli announced in (20) .
Effective boundary conditions at the top of the array
To derive the transmission conditions at the top of the array, we perform a zoom by substituting y 1 used in (9) by z 1 = y 1 /η, see Figure 4a . Accordingly, the expansions of the fields are sought of the form
where we denote z = (z 1 , z 2 ). The coordinate z 1 ∈ (−∞, 0) accounts for small scale variations of the evanescent fields at the top of the plates. Next, the boundary conditions will be obtained by matching the solution in (30) for z 1 → −∞ with that in (9) valid far from the boundary for y 1 →ĥ. This means that we ask the two expansions to satisfy v 0 (z 1 ,
(and the same for the stress tensors); note that we have used that y 1 = ηz 1 . It results that
According to the dependence of the fields in (30) on (z , x ), the differential operator reads as follows
and we shall need only the first equation of (2), which reads
where div z and div x means the divergence with respect to the coordinate z and x respectively. In (33) , (e) −2 and (e) −1 tell us that div z τ 0 = div z τ 1 = 0, that we integrate over Z = {z 1 ∈ 
which provides the boundary conditions
The conditions on π 0 1i are consistent with (16) . The conditions on π 1 11 and π 1 13 are those anticipated in the previous section, see (19) . Eventually, the condition π 1 12 (ĥ, x 2 ) = 0 combined with (19) leads to the condition of zero shear force
We have yet to derive the condition of zero bending moment. First, integrating div z τ 0 over Z, we get 0 = ∂Z τ 0 i j n j dz 2 = Y τ 0 12|z 1 =−z m dz 2 . Next, integrating over Z the scalar a · div z τ 0 = a i ∂ z j τ 0 i j = 0 (since div z τ 0 = 0) with a = z 2 e 1 − z 1 e 2 and integrating by parts, we get that
(the integral on ∂Z reduces to that on Y at z = −z m ). In the limit z m → ∞, where Y z 2 τ 0 11 → z 2 π 0 11 (ĥ, x ), and accounting for π 0 11 in (18), we obtain the expected boundary condition ∂ 2 W 0
Effective transmission conditions between the substrate and the region of the array
To begin with, we shall need the solution in the substrate which is expanded as
with no dependence on the rapid coordinates, while in the array it is given by (9) . As in the previous section, a zoom is performed in the vicinity of the interface between the substrate and the region of the array, owing to the substitution y 1 → z 1 . In the intermediate region, the fields are expanded as in (30) with the interface at z 1 = 0 and z 1 ∈ (−∞, +∞), see Figure 4 (b). It is worth noting that for z 1 ∈ (−∞, 0) the terms in the expansion (30) are assumed to be periodic with respect to z 2 ∈ (−ˆ /2,ˆ /2) while for z 1 ∈ (0, ∞) we have z 2 ∈ (−ϕˆ /2, ϕˆ /2). Note that we should use different notations for the expansions and for z 1 since their meaning is different; for simplicity, we keep the same. The transmission conditions will be obtained by matching the solution in (30) for z 1 → +∞ with that in (9) for x 1 → 0 + , and for z 1 → −∞ with that in (39) for
where we have used that x 1 = η 2 z 1 and y 1 = ηz 1 . It results that
and that
(41) Eventually, with the differential operator in (32), (33) applies; we shall also need from (2) that
(ε stands for ε(u)) applying in the substrate, a=s, and in the plate, a=p, where we have defined
The continuity of the displacement is easily deduced. From (c ) −2 in (42), v 0 3 does not depend on z , and (v 0 1 , v 0 2 ) correspond to a rigid body motion, i.e. v 0 1 = Ω 0 a z 2 +V 0 1 a and v 0 2 = Ω 0 a z 1 +V 0 2 a , with (Ω 0 a , V 0 a ) independent of z . The periodic boundary conditions in the substrate impose Ω 0 s = 0; 12 next, the continuity of the displacement at z 1 = 0 imposes Ω 0 p = 0 in the plates
, and making use of (17)
For the same reasons, v 1 is a constant displacement, hence u 1 (0 − , x ) = w 1 (0 + , z 2 , x ), but this has now a consequence. Indeed, from (41) for the displacement at order 1, we have necessarily ∂ y 1 w 0 (0 + , z 2 , x ) = 0 to ensure that w 1 (0 + , z 2 , x ) is finite; from (17), we already know that
We now move on the effective conditions on the force.
Accounting for i) τ 0 · n continuous at z 1 = 0, ii) τ 0 · n = 0 between the plates and the air, iii) τ 0 periodic at z 2 = ±ˆ /2 in the substrate, we get that
which tells us that the plates do not couple to the substrate at the dominant order. The coupling appears at the next order, starting with div z τ 1 = 0 from (c) −1 . As for τ 0 and using again that π 0 1i = 0, we get that σ 1 1i (0 − , x ) = π 1 1i (0 + , x ); eventually, using π 1 1i in (19), we get
The final problem
The effective problem (3) is obtained for (u = u 0 , σ = σ 0 + ησ 1 ) in the substrate for x 1 < 0, (u = W 0 , σ = π 0 + ηπ 1 ) in the region of the array for x 1 > 0. Remembering that y 1 = x 1 /η andĥ = h/η,ˆ = /η 2 , it is easy to see that (i) the Euler-Bernoulli equation in (3) is obtained from (20) , (ii) the effective boundary conditions announced in (5) from (36), (38) , (44) , (45) and (46)-(47).
Numerical validation of the effective problem for a two-dimensional problem
In this section, we inspect the validity of the effective problem in a two-dimensional setting for in-plane waves (u 3 = 0, hence ∂ x 3 = 0). We solve numerically the actual problem of an incident plane wave coming from x 1 → −∞ at oblique incidence on the free surface supporting the array of plates, and Lamb waves are excited in the plates. This is done using a multimodal method with pseudo-periodic solutions in the soil and Lamb modes in the plates; the method is detailed in [54] . In the effective problem, the solution is explicit, from (3) -(5) or equivalently (6)- (7) when the solution in the plates is disregarded. 13 We set the material properties for the elastic substrate: ν s = 0.2, E s = 2 GPa, ρ s = 1000 Kg.m −3 , and for the plates : ν p = 0.3, E p = 2 GPa, ρ p = 500 Kg.m −3 , and ϕ = 0.5. We choose = 1 m and we set η = √ k T = 0.37 (ω = 124 rad.s −1 ), hence κ = 0.64 m −1 . We shall consider h ∈ (0, 30) m resulting in κh ∈ (0, 20) which includes the first 6 bending modes for h = h n , n = 1, · · · , 6, and h 1 3 m, h 2 7.3 m, h 3 
Reflection of elastic waves -the solution of the effective problem
We define the potentials (φ, ψ) using the Helmholtz decomposition, with u = ∇φ + ∇ × (ψ e 3 ). The incident wave in the substrate is defined in terms of the incident potentials
x 1 The effective problem can be solved explicitly. Accounting for the boundary conditions (6), it is easy to show that
f stands for f (κh) in (7) and
(note that a = Z/(k T ρ s ) in (7)). Obviously, the same reflection coefficients are obtained by solving the complete problem (3)-(5); we get the displacement fields in the region of the plates x 1 ∈ (0, h), with
As a reference case, typical displacement fields (u 1 , u 2 ) for a surface on its own (h = 0) are reported in figure 6 . The incident wave is of the form (48) with A inc L = 1/(2β), A inc T = −1/(2α T ) producing an incident horizontal displacement equal to unity at x 1 = 0; three incident angles θ L are reported. It is worth noting that with a = 0 in (50), we recover the reflection coefficients for a flat interface, see e.g. [55] .
Weak and strong interactions between plates and substrate
The effect of the array is encapsulated in the impedance parameters (a, f ), or equivalently (Z = k T ρ s a, f ), whose variations versus k T h are reported in figure 7 . The parameter Z = ρ p ω 2 ϕh tells us that heavier plates and higher frequency produce more pronounced coupling with the substrate, which is not surprising. The parameter f encapsulates the effects of the bending resonances and it diverges when approaching them. This occurs at the frequencies corresponding to a clamped-free single plate, in other words chκh cos κh = −1. It is worth noting that the impedance condition implying the resonant contribution is used in [22] in the same configuration considering a spring-mass model. Neglecting the damping used in this reference and adapting the notation, the impedance parameter f is reduced to f = 1/(1 − ω 2 /ω 2 n ) with ω n a resonance frequency. This relation has to be understood locally in the vicinity of a single resonance, and from f in figure 7 , it is visible that (i) it captures the physics of a single resonance locally (ii) it should be corrected by a constant C n depending on the considered resonance f = C n /(1 − ω 2 /ω 2 n ) to account for the increase in sharpness of the bending resonances when h or ω increases.
Weak interaction
Far from the resonances, the interaction is weak. Indeed, from (6), with Z being small and f (κh) of the order of unity, the wave impinging the surface sees essentially a flat surface, with σ 11 σ 12 0 at x 1 = 0. The resulting patterns, not reported, are indeed similar to those obtained for a flat interface in figure 6 . Since there is not much to be said on the field in the substrate, we focus on the capability of the complete effective solution to reproduce the actual displacement in the plates. Figure 8 show a small region of the displacement fields near the interface (h = 5 m resulting in k T h = 0.7 and θ L = 45 • ). From what we have said (the interaction is weak), the displacements in the substrate are neatly reproduced. More interestingly, the displacements in the plates are also accurately reproduced in an "averaged" sense which clearly appears for the displacement u 1 : in the actual problem, u 1 varies linearly with x 2 within a single plate, in agreement with (21) ; this variation at the small scale is superimposed to a variation at large scale, from one plate to the other. The small scale variations do not appear in the homogenized solution since they vanish on average while the large scale variation is captured. The same occurs for u 2 but in this case, the small scale variations are less visible because they appears at the order 2 (see (17) and (27)). 
Strong coupling near the resonances
Strong coupling in the vicinity of the bending resonances can be measured by the amplitudes of the displacements in the plates. We report in figure 9 the amplitudes of the horizontal displacements against h, at the bottom and at the top of a single plate. In the actual problem these amplitudes are calculated by averaging over x 2 ∈ (− p /2, p /2) the profiles |u 2 (0, x 2 )| and |u 2 (h, x 2 )| obtained numerically. In the homogenized problem |u 2 (0, x 2 )| and |u 2 (h, x 2 )| = |V(h)u 2 (0, x 2 )| are given in closed-forms from (51) . For h ∈ (0, 15) m, the first three bending resonances are visible by means of high displacements at the top of the plates (up to 40 times the amplitude of the incident wave in the reported case). It is also visible by means of vanishing amplitude at the bottom of the plate, in agreement with (51) for f → ∞. Hence, near the bending resonances, the plates are clamped and they impose a vanishing horizontal displacement at the interface with the substrate, a fact already mentioned in [22] . In the substrate, the resulting displacements are significantly impacted. Large values of f (κh) produce R LL −1, R TT 1 and R TL R LT 0 in (50), hence
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corresponding to a superposition of standing waves. Examples of resulting patterns are shown in figure 10 for the first three bending resonances to be compared with those obtained for a flat interface in figure 6 . It is worth noting that in figure 10 we have accounted for the shift in h n , 
Occurence of the first longitudinal resonance
To go further in the analysis, we report in figure 11 the reflection coefficients against h ∈ (0, 25) m and θ ∈ (0, 90 • ). We represent the real and imaginary parts of the 4 reflection coefficients. As previously said, our analysis does not hold at and above the first longitudinal resonance, which appears for h 25.3 m (hence κh = 3.4); expectedly, the effective model indeed breaks down at this high value but it remains surprisingly accurate up to h ∼ 15 m (hence k T h ∼ 2). The occurence of this resonance is visible by means of the amplitude of the vertical displacement u 1 (0, x 2 ), which is reported in figure 12 against h. We observe the same trends as for the bending modes. Far from the resonance, the displacement is essentially the same as for a surface on its own; at the longitudinal resonance, it tends to zero resulting in clamped-free conditions for the plates. However, it is also visible that rapid variations of the displacements due to multiple bending resonances superimpose to the smooth variations of the displacement due to the longitudinal resonance. 
Conclusion
We have studied the interaction of an array of plates or beams with an elastic half-space using asymptotic analysis and homogenization techniques. The resulting models (3) (5) is incidental for in-plane incidence but it is interesting since it provides non trivial coupling for arbitrary incidence. For inplane incidence, the model has been validated by comparison with direct numerical simulations which show an overall good agreement. In particular, the displacement fields obtained in a closed-form accurately reproduce the actual ones; this is of practical importance for applications to site-city interaction where the displacements at the bottom and at the top of buildings are relevant quantities to measure the risk of building damage.
Our models have been obtained owing to a deductive approach which applies to a wide variety of problems. An important point is that the analysis does not assume a preliminary model reduction for the resonator on its own and as such, it can be conducted at any order. Higher order models would involve enriched transmission and boundary conditions able to capture more subtle effects as the shift in the resonance frequencies visible in the figure 9 or the presence of heterogeneity at the roots and at the top of the bodies as it has been done in [36] . Next, we have considered bodies with sufficient symmetry resulting in a diagonal rigidity matrices and which allow for easier calculations. When symmetries are lost, and the simplest case is that of beams with rectangular cross-sections, the calculations are similar; they will produce couplings for incidences as soon as the horizontal component does not coincide with one of the two principal directions. Additional complexities can be accounted for straightforwardly, as orthotropic anisotropy along Obviously, this holds except at the resonance frequencies of the plates for chκ r h cos κ r h = −1 which imposes u 2 (0, x 2 ) = 0 (and eigenmodes in the region of the plates). It follows that the relation on σ 12 (0 − , x ) in (5) becomes σ 12 (0 − , x ) = −(D p / )V (0) u 2 (0, x 2 ), with V (0) = −κ 4 h f (κh), with f (κh) in (6) . With σ 12 (0 − , x ) = (κ 4 D p h/ ) f (κh) u 2 (0, x 2 ) and κ 4 D p = ρ p ω 2 ϕ , we recover the form announced in (6) . 
